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VIBRATIONS OF A LINEAR OSCILLATOR
WITH GENERALIZED FRICTION

S. V. Dudchenko and V. N. Tishchenko UDC 531.13

A mathematical model of a special class of vibration isolation systems is investigated. The model contains
formal (generalized) functions and reduces to the successive solution of boundary-value problems for
differential equations with coupling conditions, ultimately yielding transcendental equations that can be
solved numerically. Analytical and numerical solutions for autonomous systems are obtained, providing
a means for the solution of problems in choosing the right parameters for damping systems to satisfy
specified conditions for the normal operation of such systems in the presence of transient or abrupt
inertial forces.

In certain structural units of kinematic vibration isolation systems, friction is introduced, obeying the Coulomb law
F=-f(x)Nsgnx(t), (1)
wherex(t) is the unknown relative displacemef(k) is the sliding (rocking) friction coefficient, which is variable in general,

andN = mgis the normal reaction of an oscillator of masand stiffness in the gravitational field, so that the equation of
motion of the oscillator has the form

mx + mgf (x)sgn x +cx = —mW(t), )
whereW(t) is the translational acceleration in the direction of motion. The simplest type of damper provides a rocking or s

ing friction force of constant magnitude, i.ef(x) = const but a damper can be constructed with “point” rocking friction
f(X) = Ad(X) or, in the general case, generalized Coulomb friction

f(x) = f +A8(x), ®3)

whereA is expressed in length units, ad() is the Dirac delta function.
The oscillator equation of motion therefore has the form

$'<+g(f +56(x))sgn>'<+(.o2x: ~W(At), 4
wherew? = c/mandA is the frequency parameter of the external excitation. This equation is the main topic of the present a

cle, subject to the initial conditiong0) = 0, %(0) = V,,.
Introducing dimensionless variables with a certain reference Iéhgth

X _ 19 o o 2_9 2
X= T—\/;t, x=/gHX'(1), w =P
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HAZ' ’ ©)
we can covert Eq.(4) to the dimensionlessiim
%"(1) +(f +48(x))sgnx’ (1) + p?X(1) = -W(1/e) (6)
with the initial conditions
%(0)=0, x(0)=—0_ =, W

Specifed in the brm of (6),the eqution of motion does not kra a umeical solution and mst theefore be tans
formed into a pphlem amenkle to subsequent solutioly knovn methods.To tha end we nultiply Eq. (6) by x'(t) and inte
grate over a shartime intexal [T;, T ], wher x(t) = 0. Intgration yields

1_, 1_,
—X'“-=X"“+A=0, 8
2% T3 (8)

i.e., a the instant of pasga thiough the poink = 0 the magnitude of the osciltar velocity sufers a discontigity and is sub

sequentl equalto
x4 =2 =24,

The sign of the @locity nust be bosen to disfy the condition
sgnY;(rk) :sgnY’_(Tk),

otherwise the motion will come to a complete halt.
The fllowing defnitions hare been used in the deation of Eq.(8) [1]:

(o)
[* g dx=olb)-g(a);

b N
-!a’g(x){)(f(x))dx = kz:lg(xk)m, where f(x)=0, asx <b.

We theefore arive & the solution of a s&s of initial-value ppblems on the inteals fr,_;, 1] (k=1,2,...),15=0:

X + fsgn s + p?x, = -W(t/e);
)‘(k(t k—l) =0, X (T k—l) = \/>‘<|'£1 —-2A sgn )_(|'(_1(T k_l), (k=2);

%(0)=0, x(0)=V, (k=1). 9)

The limits of the intgrals (,_4, T,) are detemined fiom the conditiorx(t,) = 0.
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A solution of Eqs(9) can be obtained in ayétal form on intevals @,_;, T}), €}, T,) in which the sign of theeloc
ity does not hange, where x'(t ) = 0, but the \alues of the points,, T, can ony be bund rumeically, so tha the anajtical
form of the solution does notVm ary paticular advantages wer a diect rumeical gpproad sut as (eg.) the Rung—Kutta
method

FreeVibr ations. In this casewe hare W(t/¢€) = 0, so tha vibrations &ist only as the esult of aihite initial velocity
Vj # 0, which detemines the length pameterH = Vy/w.

The «act solution ér f = 0,

~ \Y Ag .
V2 = 2(k - 1A =20 1-2(k-1)==2 sinwt,
Vo —2(k-1)Agsinpt " ( )Vz sin

0

i (t) =

indicates the mmber of gclesx (t) (k< N), i.e., the time of motiorT to a complete stop:

Ov2 O
N =321, 7=
FPOAQ w

([a] denotes the inggal pat of the umbera), and the amplitude of theh ¢ycle k=1,2, ..., N)is

A= o -2k 1) =

‘ 0

Vo
.

so tha the squae of the amplitude deeases in the tima/w by a constant amourzﬁg/wz.

An anaytical solution br free vibations without‘point” friction (E = 0) can be obtained anglwusly. The solution
of the poblem has been plished in mag books,for ekample [2],s0 thad only the inal implicaions of the solution will be
given hee:

» A dead pne (210 motion) &ists, having a width [—)H/pz, fH/pZ], so tha duiing a“half-pernod” equal tor/w in
real time the vikation amplitude de&ases ¥ the amount Zg/ooz.

« For a gven \elocity V,, the initial vibrtion amplitude is equab

_ L2 +(Vp) - 1 v
Aozil(fl): (pgp) , tan pflzgztan(wtl),

so tha the umber of vibation gyclesN is detemined ly the intgral pat of the quotient @D/ f2 +V02 p2 12f E the total vibe-

tion time is equal t@ = (f; + TN/ w), and the vibation amplitude of th&th gycle is equato

A =AH _2(k_1)§; (k=12,..,N).

Consequenyl if time is measwed from the instant;, the duetion of the motion with constantiétion f is shoter than
with “point” friction A=f for Ay< 1,and this esult is moe consistent with thesal \alues ofV;, w, andf. However, this con
clusion does nothing to diminish the pogtisignifcance of point fiction, which adls to the constantiétion, whose codf-
cientf does not xceed0.001.

ForcedVibr ations. In view of the consideble uncetainty of the accelation W(At), it is customay to investigate the
reaction of the osciltar to a hamonic ecitation of the typeN = Asin(At + ¢), where the amplitude of the acceddon is gven
in fractions ofg : A=kg. If we consider theaisonance jpcessA = w, a rumeiical anaysis has shen tha “point” friction with
a magnitude A without the constantifition f does not suppbthe linear gowth of resonance vilations for all values ofA tha
allow the initial pocess of motion. Constapthctivated fiiction f for values of f >k/4 suppats the vibetional piocess
without gowth of the brced vibation amplitude but then the motion is intarpted ly stops,whose duation dgpends on the
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coeficient f (without“point” friction). If both mebanisms a& opedtive, the point fiction changs the theshold alue of f
at which resonance occsflowering it, but the peiod of the brced vibations does notlang.

In reality, even if the esonance sta of hamonic ecitation does occyit has a inite durtion, so tha it is always
possilbe to male the paameterw characteizing the intinsic time inteval much smaller than the pameterA characterz-
ing the brced component,e., to male w =€\, € < 1. Since the solution of the edqioan of motion has tw components
X(t) = xq(wt) + X5(At) = x¢(T) + X,(1/€), the second tem is nowanishing ory in the inteval 0< 1 < O(g) and is desdbed
by the equton

x3(2) + €% f + AS(X)| san x4 (2) + €2 pPxy(2) = -W(2)e?, z=T/e,
which means thathe rced vibetions can be desibied to within tems Oez) by the equton
X5(2)= -W(2)e?
subject to the initial conditions,(0) = 0, x5(0) = 0,s0 tha x;(0) = 0, x{(0) =Vge/w, i.e.,

z

X,(2) = —EZIW(t)(z— t)dt.
0

The equton for x,(1) is the initial equéon without the ight-hand sidgi.e., the component, (1) descibes free viba-
tions under the itfience of thefinitial” velocity from the functiorx,(2) in the limit z — oo, for example V, = kg/A, if we
assume thaintemal vibrations oiginate from hamonics of the fequeng A. The initial conditionsdr x,(t) are witten in the
dimensionlessdm V,, = ke/p?.

In the fnal anaysis,when the conditionw/A << 1 holds,the anay}sis of the vibational piocess entails restigeting
the free vibetions of a compliant osciltar; the esults can be used to design a damping system wigiabeonstaints on the
behaior system as theesponse to an impulse

Supposefor example that it is required to dioose the pametes f and A of a damping system in su@ way tha
the vibition amplitude will not gceed a cdain level BH, and the motion of the system will teinae upon passing thugh
the lest positioni.e., Xx(T) = 0,in the mininum rumber of fee-vibetion gycles. This pioblem is soled on the basis of thesults
obtained bove, viz.:

1) the \alue of H must be geaer than the width of the deadree:

f
[3>F, f<[3p2:f1;

2) the“initial” velocity V,, = ke/p? must be geaer than v2A :

3) the frst vibration amplitude rast not be geder thanBH:

s““f2+\7p2—f V.2 - (Bp)2
SR B

4) the frst vibration amplitude mst not be geaer than twice the width of the deadne:

2 %i(Ty)=0;

2 :fsy

_ 2f
X >—, f<
Xl(T1)> 5 <

|
&S
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5) the elocity thiough the equilibum positionx;(t;) = 0 nmust be smaller tha v2A :

[>_<1'(T1)]2 <24,

2o el
@f -y f +(V0p) H
o2 = ().

A=

N[

By virtue of conditions 3) and 4he constant slidingifttion coeficient f lies in the inteval f, < f < f4 (for f3< fy),
imposing an aditional constaint on the maximm displacemensince £ > f,:

>— 0 10
P25 (10)

Consequeryl once the initial design tia ae available — the*initial” velocity V; = kg/A, the frequeng pamameter
p2 = cH/mg and the maximm admissile deviation x = BH, saisfying the constints (10)the damping pametes can be ltosen:

? - (Bp)* 1
25 \8 T2

to pemit admissille motion of a linear osciltar, which adequtely descibes a ery broad céegory of vibration isoldion sys
tems,seismic isoldon in paticular [3]. We note thahere “point” friction is an aditional condition ér nomal motion of the
system and can be utiéid to stop the vilational piocess in the miniom possike time in the pesence of a small constant slid
ing friction.

REFERENCES

1. G. A. Korn andT. M. Korn, Mathemaical Handbook ér Scientists and Emgeers, 2nd ed, McGraw-Hill, New York
(1967).

2. N. V. Vasilenlo, Theoty ofVibrations[in Russian] (t&tbook),Vishcha Shbla, Kiev (1992).

3. N. I. Vlasov, O. V. Grankin,B. V. Ralov, andV. N. Tishchenlo, “Dynamics of aigid body on ocking suppots;’ Din.

Sist, No. 13,5155 (1994).

47



